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Abstract. We describe the benefits of using SML to teach the Discrete Structures
course described in the ACM Computer Science curriculum. When students in
a Discrete Structures course have no prior programming experience, SML can
be used to familiarize students with recursion and to illustrate various topics
introduced in the course without teaching programming per se. At the same time,
it reinforces the links between mathematics and CS, making Discrete Structures
more relevant. SML also makes it easy to deliver and automatically evaluate online
or web-based homeworks, such as with the WeBWorK system.

1 Introduction

According to the ACM standards for computer science education, Discrete Struc-
tures is a required course, typically taught in one or two semesters [5, 12, 13]. Two
important subtopics of Discrete Structures are functions and recursion. Both are
fundamental concepts in Computer Science that appear throughout the curricu-
lum.

As a new approach for problem solving, recursion is difficult for students
— students typically do not see recursion as a natural way to solve problems
and they don’t see how it can work [9, 10, 14]. Visualization in assisting the use
of recursion through software and web-based tools can help students learn and
understand recursion [7, 16]. Previous interactive systems for teaching recursion
include [1, 3, 7].

In this paper we describe how we use SML (Standard Meta Language) [15]
to teach functions and recursion in the Discrete Structures course at the State
University of New York at Stony Brook. Because of an unusual ordering of courses
at Stony Brook, Discrete Structures is the first course taken by students who want
to enter the Computer Science or Information Science majors — students typically
have no programming experience.

To address these issues, we teach students to use a minimal subset of SML.
Because SML uses mathematical syntax and notation, students can start writing
functions very quickly, and its syntax and semantics reinforce many of the mathe-
matical concepts covered in Discrete Structures. Since SML is an interactive func-
tional programming language [6, 8], students can interact with functions without



writing full programs, avoiding the need to explain the edit/compile/execute cy-
cle. SML’s type safety and completeness rules help catch many errors during the
function definition stage, simplifying debugging.

Most importantly, writing SML functions helps convince students that the
mathematics in Discrete Structures is actually relevant to their careers as com-
puter scientists. Many undergraduate computing curricula teach mathematics in
isolation from computing, leaving students understanding little about how and
why mathematics applies to computing problems [2,17]. Our course addresses
this issue by having students define functions in SML in order to solve math-
ematical problems. The emphasis is not on presenting SML as a programming
language but as rather as a language to define and experiment with functions
and recursion.

Problems on recursion and SML have been written in the WeBWorK web-
based homework system [11] for online experimentation, grading and support.
WeBWorK features randomized problems (each student gets a different but equiv-
alent problem) and instantaneous grading feedback. Student feedback on WeB-
WorK has been nearly universally positive — students enjoy using the system and
feel it teaches them well.

Over the past three years, this integration of SML into Discrete Structures
has been used by the authors at SUNY Stony Brook to teach more than 2000
computer science, information science and computer engineering students. Others
at Stony Brook have taught with SML and a similar curriculum since 1988.

2 Discrete Structures for Non-Programmers

The sequence of introductory courses of Computer Science at State University of
New York at Stony Brook is composed of a first Discrete Structures course (the
one presented in this paper), a programming course in JAVA, a second Discrete
Structures course emphasizing predicate logic and a data structure courses based
on JAVA. The two last courses can be switched. Because Discrete Structures I is
taught before any programming course, roughly two-thirds of the students have
no programming experience.

Discrete Structures I is organized around the following sequence of topics:
propositional logic, number theory, set theory and functions, recursion, func-
tional programming (FP) and SML, induction, correctness of SML programs,
automata, trees and graphs. Early in the course, students are taught the basics
of formal systems and proofs in propositional logic — these forms the basis for
more complicated proofs in number theory, set theory and induction covered later
in the course.

Recursion, as a new approach for problem solving, is emphasized and its use is
illustrated through FP. We show how the FP paradigm is related to the concept
of functions that we introduced earlier in our course, how mathematics is useful



in Computer Science and how a FP language is convenient for solving problems
related to Discrete Structures.

Students are taught to use SML as a tool to define functions and experiment
with them rather than as a language to write complete programs. The built-
in list type is used to illustrate recursive functions on non-numerical domains on
topics including the Towers of Hanoi and Merge Sort — topics that are not typical
list-operations. We also teach correctness proofs of simple SML programs using
induction.

3 SML for mathematics

There are many characteristics of SML that lend itself to teaching SML to non-
programmers. One of the most important is that the syntax of SML is closely re-
lated to standard mathematical typesetting conventions. One distinct advantage
to teaching discrete mathematics with SML is the simplicity of SML’s syntax.
Functions are defined in a natural way with a minimum of keywords and new
symbols.

Table 1 shows two simple functions defined in SML and typeset as in a mathe-
matics textbook. While some differences exist between the two, basic SML syntax
is simple enough that it requires no explanation to students already familiar with
mathematical functions. In fact, the lecture notes actually start using the nota-
tion (without saying so) two lectures before the first lecture on SML. It is only
later that students are shown that they’ve actually been reading SML.

Table 1. SML and typesetting look alike The types and definitions of two sample functions
are presented using normal mathematical typesetting and in the SML programming language.
Because of the similarities between the two, students typically can read, write and use SML
functions with very little background.

Definition fl@,y) =2 +y+15
fun f(x,y) = x*x+y+1.5;
Type f:(RxR)—R
val £ = fn : real*real -> real
Application f(2.1,3.2)
£(2.1,3.2);
Definition M@n)={"" 10 if n > 100

Tl M(M(n+11)) if n < 100
fun M(n)=if (n>100) then n-10
else M(M(n+11));

Type M:7Z —7Z
val M = fn : int -> int
Application M (88)

M(88);



Compared to most languages for teaching programming to beginning stu-
dents, SML is much closer to the standard mathematical syntax and semantics.
Table 2 compares the implementation of a simple function in different functional
languages typically used to teach introductory programming. SML is nearly iden-
tical to the mathematical typesetting in the function’s definition, type and appli-
cation. Simple functions defined in procedural languages such as C, C++, Java
and Ada also tend to be more complex than in SML — and code in these languages
is less interactive because of their inherent edit/compile/execute cycle.

To minimize the amount of programming that needs to be taught to students,
only a small subset of SML is presented to students. Specifically, typedefs, excep-
tions, let statements, packages and functors are not taught, while list operations,
tuples, pattern matching function definitions and type inference are. Although
this limits what students can do with the language, it is more than enough for
pedagogical purposes and it means that the course can spend its time teaching
the relevant mathematics instead of programming.

There are other benefits to this subset of SML. Students are forced to use
recursion to solve all but the simplest problems, unlike most programming lan-
guages where they can fall back on iterative constructs. The resulting functions
are usually total functions in the mathematical sense: they are free of side-effects,
and partial functions are discouraged. For example, fun f (3)=4; generates warn-
ings or errors in SML because they are not defined for the entire domain. Many
CS students are repeatedly shown how a (programming language) function can
have arbitrary side effects (for example the rand () function that returns random
numbers — a different value every time it is called). By teaching functions that
are free of side effects just like mathematical functions, students have one less
case of “cognitive dissonance” to overcome.

SML’s emphasis on type reinforces the mathematical concepts of domain and
codomain. As each function is defined, SML reports the name and the type as
fn : A -> B where A is the function’s domain and B is the function’s codomain
(for example, see Table 1). Parameters in SML are call by value, which matches
the standard mathematical semantics. Students are told when they write func-
tions to try and determine the domain and codomain of the function before they
begin. They are taught to use basic parameter type declarations to help SML
verify their decisions.

Type and type inference is one of the first emphases in teaching SML. Students
are taught simple types, tuples and lists. Tuples and lists are compared with
the definition of mathematical sets from earlier in the course. Oftentimes the
homework problems include defining standard set operations (union, intersection,
Cartesian product) using SML lists.

The FP paradigm and the basic mode of computation in ML, as in other
functional languages, is the use of the definition and application of functions



Table 2. A comparison of function implementations in several FP languages The
function f from table 1 is implemented in several functional languages commonly used to teach
programming. SML’s definition is the most similar to the original typesetting.

Original flz,y) =2 +y+15
SML fun f(x,y) = x*x+y+1.5;
(deiéine f ( )
lambda (x y
Scheme (+ (* x x) y 1.5)
) )
to f :x :y
Logo output :x*:x+:y+1.5
end
Mathematica flx_,y_]:=x*x+y+1.5
Matlab function o = f(x,y)

o=x*x+y+1.5;

(explicit and recursive). Students are shown how this makes the system interactive
and how this enables experimentation.

Function type is discussed and recursive function definition is illustrated
through numerical (factorial, Fibonacci) and non-numerical examples (list op-
erations, Towers of Hanoi, Merge Sort). A lot of time is spent discussing how
an original problem can be divided up and how that division is dependent on
how the solutions can be “glued” back together. Higher-order functions, poly-
morphism and mutual recursion are shown to be useful examples of this “glue”.
The notion of pattern matching is presented as a new way to look at algorithms.

4 SML and Online Homework

As part of their homework, students do WeBWorK [11] problems that encourage
experimentation on the fundamental concepts of SML by students. Developed by
the University of Rochester, WeBWorK is a web-based method for delivering and
evaluating homework problems. It provides user authentication, instant grading,
individualized problem sets, the evaluation of free-form symbolic answers (i.e.
formulas) and the distribution of solutions. WeBWorK is used to teach a variety
of math and science classes at major universities across the country.

The WeBWorK problems on SML contain problems on fundamental problems
on SML as typing and evaluation of recursive functions as well as SML terminol-
ogy. Mathematical concepts of domain, codomain and composition of functions
are covered. The simple syntax and semantics of SML means that the problems



are concise, easy to write and easy to evaluate. Figure 1 presents some WeBWorK
problems on SML.

File Edit “iew Go Communicator Help
= I
| 4 Previous | [-aPrab. List]
Our records show problem 2 of set 2 has not been attempted.
(5 pts) Problem 1: Determine the results of the evaluation of the following SML functions.
[11 1. fun f(L) =if L=[] then [] else 11*hd(L):f(tl(L));. Compute f{[1,2,3,4]).
NDF: | 2.fun f(L) = if L=[] then [] else 11*hd(L)::f({L));. Compute f(11).
Problem 2: Determine the SML types of the following functions and expressions.
real 1.gis a function of type real->int*int. What is the type of ? fun f(;cnil) -
(#2(g(x))):mil (L) = (#1(gthd(L))))=f(d(L));
real] 2.fis a function of type real->real. What is the type of map f?
Problem 3: Determine what the following function does. c. fun f(L) = if L=[] then 0 else
hd(L) +f{tl(L));
~ A. f returns the length of the list L.
~ B. f returns the sum of 2 lists.
4 C. f returns the sum of the elements of the list L.
s D. f returns the smallest element in the list L. B
~ E. NDF
s F. freturns all the elements of L.
Note. You can eamn partial credit on this problem.
_IShow Correct Answers
‘ Submit Answers| ‘ Preview Answers| Note: it is after the due date. .
1= | | i b Jel P EEl N2

Fig.1. A screen shot of WeBWorK in use



5 Pedagogical goals

SML is used primarily to encourage mathematical thinking and improve the
understanding of recursion. Our general approach is to teach first recursion free
of any language. Later students can look at problems in a programming language
to further their understanding.

Of course SML is a good language for topics beyond teaching recursion. Al-
gorithms are expressed very naturally using rules and patterns. Students are
introduced to design, prototyping and software quality in terms of modularity
and reliability. They are encouraged to exhaustively test their functions and this
task is very direct in SML. Because SML avoids side-effects (in the subset we
teach) students can use induction to prove formal correctness of SML functions
without a lot of background — this is typically taught in a single lecture.

6 User feedback and analysis

To assess the effectiveness of the SML/Discrete Structures curriculum, we sur-
veyed students in the class, as and tried to collect anecdotal evidence.

Before the class only 34.5% of the students had used or heard about recursion
but after the class 64% of the students were comfortable with it. 64% roughly
corresponds to the percentage of students who receive the C or higher that they
need to advance in the CS curriculum. This is a great improvement considering
the difficulties students always encounter with recursion.

Anecdotal evidence also supports the effectiveness. There seems to be a strong
link between students who attempt the SML programming assignments and those
who do well on recursion problems on the exam — when the students actually do
the work they seem to learn recursion well. Professors teaching later courses
also believe in the methodology. In one case, when the department considered
making Programming I and Discrete Structures corequisites, the Programming
I instructor threatened to never teach it again because he was worried about
the dropoff in the quality of students, specifically citing their understanding of
recursion.

However, SML is not very popular with students. 70.3% of students said they
did not like SML and 54% admitted to bringing a negative preconception of SML
into the class. They feel SML is more linked with mathematics than computer
science (54%) and feel SML is difficult to learn. When asked to explain their
difficulties, the top two reasons listed were recursion (75%) and problem solving
(40%), indicating that the real difficulties may not actually related to SML but
with recursion itself. This is consistent with student comments in office hours. One
of the most common comments was “I could do this so easily in C/C++/Java”
but when asked for solutions to the problems in those languages, they invariably
produced iterative solutions instead of recursive ones.



On the other hand, WeBWorK was universally popular. Only 22% of students
said they preferred paper-based homework to web-based homework. Only 8% of
the class said they felt it was easy to cheat on the homework.

7 Future directions

When students were asked what could improve their interactions with SML,
many said they wanted a more friendly user interface (80.5%). They also said
they had difficulty understanding error messages and debugging programs. To
address these concerns, we hope to develop a front end, similar to the AdaGIDE
system[4], to provide a friendlier interface for novice users and help students
interpret error messages. This would likely be built upon the current web-based
SML program submission system and its semi-automatic grading system.

We also hope to expand the use of SML in other parts of the computer science
curriculum. As a first step, SML is being used at Pace University in a course called
‘Languages and Implementations’ to introduce students to a new programming
paradigm while reinforcing their understanding of recursion, patterns, testing,
prototyping and correctness. In the same course WeBWorK has been used to
deliver more advanced SML problems.
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